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We present a fast quantum entangling operation on superconducting qubits assisted by a resonator
in the quasi-dispersive regime with a new effect — the selective resonance coming from the amplified
qubit-state-dependent resonator transition frequency and the tunable period relation between a
wanted quantum Rabi oscillation and an unwanted one. This operation does not require any kind
of drive fields and the interaction between qubits. More interestingly, the non-computational third
excitation states of the charge qubits can play an important role in shortening largely the operation
time of the entangling gates. All those features provide an efficient way to realize much faster
quantum entangling gates on superconducting qubits than previous proposals.
PACS numbers: 03.67.Lx, 03.67.Bg, 85.25.Dq, 42.50.Pq
Quantum information and quantum computation [1]
has attracted much attention. Constructing universal
quantum gates and generating multipartite entanglement
are two key tasks in this topic, especially those based on
superconducting qubits [2–5]. Circuit quantum electro-
dynamics (QED), combining the method of cavity QED
and superconducting circuits, has been widely studied for
quantum information processing [6–15], because of both
its long-coherence time and its good scalability. Since
the first physical mode was proposed by Yale group [6],
circuit QED has been used for resolving photon num-
ber states in a superconducting circuit [16], constructing
the quantum non-demolition detector for measuring the
number of photons inside a high-quality-factor microwave
cavity on a chip [17], simulating the basic interaction be-
tween an atom and a cavity even in the ultrastrong cou-
pling regime [18], and realizing the quantum information
processing between superconducting qubits or between
microwave photons [7–10, 19–21].
Circuit QED can also provide an effective control on
superconducting qubits in some important regimes by
choosing the coupling strength between a qubit and a
cavity [16], such as the dispersive regime (|
gj
i
∆
j
i
| << 1)
[22, 23], the quasi-dispersive regime (0.1 < |
gj
i
∆
j
i
| < 1)
[16, 20], the resonant regime (|
gj
i
∆
j
i
| > 1) [19, 24], and
even the ultrastrong coupling regime (0.1 < |
gj
i
ωrj
| < 1)
[18, 25]. Here gji is the coupling strength between the
qubit qi and the resonator Rj . ωrj and ωi are the fre-
quencies of Rj and qi, respectively. ∆
j
i = ωrj −ωi. Aim-
ing to find an effective high-fidelity quantum entangling
operation on superconducting qubits in circuit QED with
shorter operation time, we pay close attention to two of
the critical characters of the dispersive regime in cav-
ity QED [19]: the qubit-state-dependent (QSD) transi-
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tion on a cavity [26, 27] and the number-state-dependent
(NSD) transition on a qubit [20, 28]. By increasing the
coupling strength between a qubit and a cavity, the QSD
resonator transition frequency and the NSD qubit transi-
tion frequency can be amplified effectively. The amplified
NSD qubit transition frequency in circuit QED has been
studied by Strauch, Jacobs, and Simmonds in 2010, and
they gave an interesting effect — a selective rotation [20]
with a drive field, which can be used to generate the en-
tanglement between two microwave photons effectively.
In this paper, we investigate the effect from the am-
plified QSD resonator transition frequency in the quasi-
dispersive regime in circuit QED and its application in
quantum entangling operation and entanglement genera-
tion for superconducting qubits. We use charge supercon-
ducting qubits to describe our results by taking the influ-
ence from the non-computational third excitation states
of the qubits into account.
The Hamiltonian of a superconducting qubit coupled
to a resonator can be described as (h¯ = 1),
H = ωra
+a+ ωσ+σ− + g
(
a+ a+
)
(σ− + σ+), (1)
where σ+ = |1〉〈0| and a+ are the creation operators
of a qubit q and a resonator R, respectively. When we
consider the dispersive regime, after making rotating-
wave approximation and a unitary transformation U =
exp
[
g
∆
(aσ+ − a+σ−)
]
on the HamiltonianH , we can get
UHU+ ≈ ωra
+a+
1
2
[
ωq +
g2
∆
(2a+a+ 1)
]
σz (2)
or
UHU+ ≈
(
ωr +
g2
∆
σz
)
a+a+
1
2
(
ωq +
g2
∆
)
σz . (3)
Eq.(2) means the NSD qubit transition and Eq.(3) means
the QSD resonator transition, shown in Fig.1(a) and (b),
respectively.
The NSD qubit transition comes from the effect that
the transition frequency of the qubit depends on the pho-
ton number in the resonator with ω′q = ωq+
g2
∆
(2a+a+1),
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FIG. 1: (color online) (a) The qubit-state-dependent res-
onator transition, which means the frequency shift of the res-
onator transition δr arises from the state (|0〉q or |1〉q) of
the qubit. (b) The number-state-dependent qubit transition,
which means the frequency shift δq takes place on the qubit
due to the photon number n = 1 or 0 in the resonator in the
dispersive regime.
where ω′q is the frequency of the qubit after the NSD ef-
fect. The QSD resonator transition is the effect that the
transition frequency of the resonator depends on the state
of the qubit with ω′r = ωr+σz
g2
∆
. Here ω′r is the frequency
of the resonator after the QSD effect. From Eq.(2) and
Eq.(3), one can see that the NSD qubit transition fre-
quency and the QSD resonator transition frequency can
be amplified effectively when g
2
∆
is large enough, which
means the number of photons in the cavity can make a
large shift on the transition frequency of the qubit and
the qubit in different states will also make a large shift
on the transition frequency of the resonator. The NSD
qubit transition in the quasi-dispersive regime was used
as an effective method to realize entanglement and quan-
tum gates between microwave photons [16, 17, 20]. In
fact, the QSD resonator transition frequency can also be
amplified in the quasi-dispersive regime effectively.
In order to show the influence on the resonance be-
tween a qubit and a resonator by the amplified QSD res-
onator transition frequency, let us consider the case that
two perfect qubits couple to a resonator (i.e., Ra) with
the Hamiltonian
H2q = ωraa
+a+ ω1σ
+
1 σ
−
1 + ω2σ
+
2 σ
−
2 + g1
(
a+ + a
)
⊗(σ+1 + σ
−
1 ) + g2
(
a+ + a
)
(σ+2 + σ
−
2 ) (4)
in which we neglect the direct interaction between the
two qubits (i.e., q1 and q2), shown in Fig.2. Here
σ+i = |1〉i〈0| is the creation operator of qi (i = 1, 2).
gi is the coupling strength between qi and Ra. The
parameters are chosen to make q1 interact with Ra in
the quasi-dispersive regime. That is, the transition fre-
quency of Ra is determined by the state of q1. By tak-
ing a proper transition frequency of q2 (which equals
to the transition frequency of Ra when q1 is in the
state |0〉1), one can realize the quantum Rabi oscillation
(ROT) ROT0: |0〉1|1〉2|0〉a ↔ |0〉1|0〉2|1〉a, while ROT1:
FIG. 2: (color online) Sketch of a coplanar geometry for the
circuit QED with three superconducting qubits. Qubits are
placed around the maxima of the electrical field amplitude
of Ra and Rb (not drawn in this figure), and the distance
between them is large enough so that there is no direct in-
teraction between them. The fundamental frequencies of res-
onators are ωrj/(2pi) (j = a, b), the frequencies of the qubits
are ωqi/(2pi) (i = 1, 2, 3), and they are capacitively coupled
to the resonators. The coupling strengths between them are
gji /(2pi). We can use the control line (not drawn here) to af-
ford the flux to tune the transition frequencies of the qubits.
FIG. 3: (color online) Simulated outcomes for the maximum
amplitude value of the expectation about the quantum Rabi
oscillation varying with the coupling strength g2 and the fre-
quency of the second qubit ω2. (a) The outcomes for ROT0:
|0〉1|1〉2|0〉a ↔ |0〉1|0〉2|1〉a. (b) The outcomes for ROT1:
|1〉1|1〉2|0〉a ↔ |1〉1|0〉2|1〉a. Here the parameters of the res-
onator and the first qubit q1 are taken as ωa/(2pi) = 6.0 GHz,
ωq1/(2pi) = 7.0 GHz, and g1/(2pi) = 0.2 GHz.
|1〉1|1〉2|0〉a ↔ |1〉1|0〉2|1〉a occurs with a small probabil-
ity as q2 detunes with Ra when q1 is in the state |1〉1.
Here the Fock state |n〉a represents the photon number
n in Ra (n = 0, 1). |0〉i and |1〉i are the ground and the
first excited states of qi, respectively.
We numerically simulate the maximal expectation val-
ues (MAEVs) of ROT0 and ROT1 based on the Hamilto-
nian H2q, shown in Fig. 3(a) and (b), respectively. Here,
the expectation value is defined as |〈ψ|e−iH2qt/h¯|ψ0〉|2.
|ψ0〉 and |ψ〉 are the initial and the final states of a
quantum Rabi oscillation, respectively. The MAEV s
3vary with the transition frequency ω2 and the coupling
strength g2. It is obvious that the amplified QSD res-
onator transition can generate a selective resonance (SR)
when the coupling strength g2 is small enough.
It is worth noticing that there is a detune between
q2 and Ra in ROT1, when q2 is resonant with Ra for
realizing ROT0 with a large probability. In principle,
the frequency of the quantum Rabi oscillation between a
qubit and a resonator can be described as [29]
Ω2n = ∆
2 + 4g2(n+ 1), (5)
where n is the number of photons in the resonator. One
can see that the period of ROT0 is different from that
of ROT1 as ∆ = 0 for ROT0 and ∆ = δr for ROT1.
By taking a proper parameter for g, we can tune the
different period relation between these two quantum Rabi
oscillations. That is, a tunable period relation between a
wanted quantum Rabi oscillation and an unwanted one
can also be obtained.
In the discussion below, we consider practical charge
superconducting qubits in which there are two compu-
tational levels |0〉q and |1〉q for our selective-resonance-
based entangling operation, by taking the influence from
the non-computational third excitation state |2〉q of each
charge qubit into account. When the two charge qubits
q1 and q2 are coupled to the resonator Ra, the SR is
simulated with the Hamiltonian
H ′2q =
∑
i=0,1,2
q=1,2
Ei;q |i〉q〈i|+ωraa
+a+g0,1;1(a
++a)(σ+0,1;1+σ
−
0,1;1)
+g1,2;1(a
++a)(σ+1,2;1+σ
−
1,2;1)+g0,1;2(a
++a)
⊗(σ+0,1;2+σ
−
0,1;2)+g1,2;2(a
++a)(σ+1,2;2+σ
−
1,2;2), (6)
and it is shown in Fig.4 (a). In the simulation of our SR,
we choose the reasonable parameters by considering the
energy level structure of a charge qubit, according to Ref.
[30]. Here ωra/(2pi) = 6.0 GHz. The transition frequency
of two qubits between |0〉q ↔ |1〉q and |1〉q ↔ |2〉q are cho-
sen as ω0,1;1/(2pi) = E1;1−E0;1 = 5.0 GHz, ω1,2;1/(2pi) =
E2;1 −E1;1 = 6.2 GHz, ω0,1;2/(2pi) = E1;2 −E0;2 = 6.035
GHz, and ω1,2;2/(2pi) = E2;2 − E1;2 = 7.335 GHz. Here
Ei;q is the energy for the level i of the qubit q, and
σ+i,i′ ;q ≡ |i〉q 〈i
′|. gi,j;q is the coupling strength between
the resonator Ra and the qubit q in the transition be-
tween the energy levels |i〉q and |j〉q (i = 0, 1, j = 1, 2,
and q = 1, 2). For convenience, we take the coupling
strengths as g0,1;1/(2pi) = g1,2;1/(2pi) = 0.2 GHz and
g0,1;2/(2pi) = g1,2;2/(2pi) = 0.0488 GHz.
SR also provides us a high-fidelity quantum entan-
gling operation on charge qubits, assisted by a res-
onator. This operation gives us a different way to
realize the controlled-phase (c-phase) gate on the two
qubits q1 and q2. Although the amplitude of ROT1
is not very small, one can see that within a period of
ROT0, ROT1 completes two periods accurately, which
means that ROT1 does not change the phase of the state
|1〉1|1〉2|0〉a. In detail, let us assume that q1 is the con-
trol qubit and q2 is the target qubit. The initial state
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FIG. 4: (color online) (a) The probability distribution of the
two quantum Rabi oscillations ROT0 (the blue solid line)
and ROT1 (the green solid line) of two charge qubits cou-
pled to a resonator. (b) The probability distribution of the
four quantum Rabi oscillations in our cc-phase gate on a
three-charge-qubit system. Here, the blue-solid, green-solid,
red-dashed, and Cambridge-blue-dot-dashed lines represent
the quantum Rabi oscillations ROT00 (|0〉1|0〉2|1〉3|0〉a ↔
|0〉1|0〉2|0〉3|1〉a), ROT01 (|0〉1|1〉2|1〉3|0〉a ↔ |0〉1|1〉2|0〉3|1〉a),
ROT10 (|1〉1|0〉2|1〉3|0〉a ↔ |1〉1|0〉2|0〉3|1〉a), and ROT11
(|1〉1|1〉2|1〉3|0〉a ↔ |1〉1|1〉2|0〉3|1〉a), respectively.
of the system composed of q1, q2, and Ra is prepared
as |φ〉0 =
1
2
(|0〉1|0〉2 + |0〉1|1〉2 + |1〉1|0〉2 + |1〉1|1〉2)|0〉a.
By exploiting the SR on ROT0 and ROT1 and choos-
ing g0,1;2t = pi, one can get the state of the system
|φ〉1 =
1
2
(|0〉1|0〉2−|0〉1|1〉2+ |1〉1|0〉2+ |1〉1|1〉2)|0〉a. This
is just the result of a c-phase gate on q1 and q2. Cer-
tainly, by choosing an appropriate transition frequency
of q2, one also can get another c-phase gate which com-
pletes the transformation |φ〉0 → |φ〉2 =
1
2
(|0〉1|0〉2 +
|0〉1|1〉2 + |1〉1|0〉2 − |1〉1|1〉2)|0〉a. From Fig.4(a), consid-
ering the phase error of indirect interaction between the
two qubits and the detune resonance between q2 and Ra,
one can get the fidelity of these two c-phase gates are
about 92% within 10.2 ns.
The quantum entangling operation based on the SR
can also help us to complete a single-step controlled-
controlled phase (cc-phase) quantum gate on the three
4charge qubits q1, q2, and q3 by using the system shown
in Fig.2 except for the resonator Rb. Here, q1 and q2
act as the control qubits, and q3 is the target qubit.
The initial state of this system is prepared as |Φ〉0 =
1
2
√
2
(|0〉1|0〉2|0〉3+|0〉1|0〉2|1〉3+|0〉1|1〉2|0〉3+|0〉1|1〉2|1〉3+
|1〉1|0〉2|0〉3+ |1〉1|0〉2|1〉3+ |1〉1|1〉2|0〉3+ |1〉1|1〉2|1〉3)|0〉a.
In this system, both q1 and q2 are in the quasi-dispersive
regime with Ra, and the transition frequency of q3 is ad-
justed to be equivalent to that of Ra when q1 and q2 are
in their ground states. The QSD transition frequency on
Ra becomes [22]
ω′a = ωa + χ1 σ
z
1 + χ2 σ
z
2 , (7)
where χ
i
= gi
∆a
i
. By choosing g0,1;3t = pi, one can realize
ROT00 (where 00 means the states of the qubits in the
control position are all the ground states), that is, |Φ〉0
→ |Φ〉1 =
1
2
√
2
(|0〉1|0〉2|0〉3 − |0〉1|0〉2|1〉3 + |0〉1|1〉2|0〉3 +
|0〉1|1〉2|1〉3 + |1〉1|0〉2|0〉3 + |1〉1|0〉2|1〉3 + |1〉1|1〉2|0〉3 +
|1〉1|1〉2|1〉3)|0〉a. It is just the result of a cc-phase
gate on the three qubits. Fig.4(b) shows the proba-
bility distributions for the four quantum Rabi oscilla-
tions in this system. In our simulation, the parame-
ters are chosen as: ωra/(2pi) = 6.0 GHz, ω0,1;1/(2pi) =
E1;1 − E0;1 = 5.0 GHz, ω1,2;1/(2pi) = E2;1 − E1;1 = 6.3
GHz, ω0,1;2/(2pi) = E1;2 − E0;2 = 5.0 GHz, ω1,2;2/(2pi) =
E2;2 −E1;2 = 6.3 GHz, ω0,1;3/(2pi) = E1;3 −E0;3 = 6.068
GHz, ω1,2;3/(2pi) = E2;3 − E1;3 = 7.3 GHz, g0,1;1/(2pi) =
g1,2;1/(2pi) = 0.2 GHz, g0,1;2/(2pi) = g1,2;2/(2pi) = 0.2
GHz, and g0,1;3/(2pi) = g1,2;3/(2pi) = 0.035 GHz. The
MEAVs of unwanted quantum Rabi oscillations can be
suppressed a lot, and the fidelity of this cc-phase gate
reaches about 86% with 14.8 ns.
A complex three-qubit gate, such as a Fredkin gate on
a three-qubit system can also be constructed with the
quantum entangling operation based on the SR assisted
by the two resonators Ra and Rb in a simple way, shown
in Fig. 2. In this system, Rb has a different transition
frequency with Ra, and q1 couples to both Ra and Rb
simultaneously in the quasi-dispersive regime. Let q2 and
q3 resonate selectively with Ra and Rb when q1 is in the
state |1〉1, respectively, with g
a
0,1;2t = g
b
0,1;3t = 1.5pi first
(here gki,j;q is the coupling strength between the resonator
k and the qubit q in the transition between the energy
levels |i〉q and |j〉q), and then let q2 and q3 be selectively
resonant with Rb and Ra when q1 is in the state |1〉1,
respectively, with ga0,1;3t = g
b
0,1;2t = 0.5pi, a Fredkin gate
can be realized.
Interestingly, our gates are significantly faster than
previous proposals in the quasi-dispersive regime in cir-
cuit QED [14, 15]. For example, the operation time for a
c-phase gate on two perfect superconducting qubits com-
pleted in 2012 is 110 ns with the fidelity 95% in 2012 [14].
The time for the cc-phase gate is 63 ns with the fidelity
85% [15]. By taking the influence from the third levels of
the superconducting qubits into account, the operation
time of our gates is reduced largely. For example, the
operation time of the c-phase gate on two perfect super-
conducting qubits is 22 ns with the fidelity 90%, about
twice of that based on the qubits with the influence from
the third levels.
Our single-step quantum entangling gates have some
good features. First, they do not require any kind of
drive fields, which eliminates the limit on the quality of
the resonator and does not increase the temperature of
circuit QED, and this factor can protect the supercon-
ducting qubit in circuit QED [12] and provide a differ-
ent way to realize quantum computation. Second, they
are constructed without using any kind of the interac-
tion between qubits (such as Ising-like interaction [1] and
Heisenberg-like interaction [31]), similar to the c-phase
gate in Refs. [14], far different from Refs. [32, 33], and
our single-step universal quantum gates can be realized
on the non-nearest-neighbor qubits.
Obviously, the maximal entanglement of supercon-
ducting qubit systems can be produced effectively with
our quantum entangling operation. On the other hand,
the operation requires different coupling strengths for dif-
ferent qubits with the resonator. This is not easy to de-
sign in a realistic quantum processor. Luckily, they can
be obtained by using the tunable coupling qubit, which
is also necessary to realize a realistic quantum processor
[34, 35]. The errors of SR mainly take place with two
points. First, the non-resonance ROT can generate a
phase error with ei∆t/2. Second, the indirect interaction
between qubits can also generate the unwanted phase
error. The suitable parameters taken to suppress the
complex phase error should help us to get higher fidelity
gates. With the stronger coupling of control qubits, the
operation time of our gates can be shortened further.
In conclusion, we have proposed a selective-resonance
scheme to perform a fast quantum entangling opera-
tion for quantum logic gates on superconducting qubits.
This approach has many advantages over previous works.
First, our quantum entangling gates are significantly
faster than previous proposals. Second, they do not re-
quire any kind of drive fields. Third, the tunable pe-
riod relation between a wanted quantum Rabi oscillation
and an unwanted one can shorten the operation time of
the gates, besides the positive influence from the non-
computational third levels of the superconducting qubits.
The principle of our SR can be generalized to some other
similar cavity QED systems for quantum information
processing.
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